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Abstract

To be undated.

1 Lecture 7: Exceptation and Variance

1.1 Recall
1.1.1 Definition of Expectation

Definition 1.1 (Expectation). The expected value, or mean, or first moment, of X is defined to be

E(X) = /xdF(x) _ {Zx xf(x) if Xis discrete

[ xf(x)dx if X is continuous

¢ The sufficient conditions for the existence of [E(X).

E(X)| < 400, if X is discrete
[ x| fx(x)dx < 400, if X is continuous

1.2 Covariance and Correlation

Definition 1.2 (Covariance). Covariance measures joint variability — the extent of varia-
tion between two random variables:

Cov(X,Y) 2 E[(X —E(X))(Y —E(Y))]. 1)

Definition 1.3 (Correlation). Correlation is a measure of the degree of linear relationship
between two variables:

Cov(X,Y)

where 0% = Var(X), 0% = Var(Y). (2)
0ox Oy

p(X,Y) £



1.2.1 Properties of Covariance
1. Cov(X,Y) = E(XY) —E(X)E(Y).
Proof.

Cov(X,Y) = E[(X - E(X))(Y - E(Y))],
= E[XY — XE(Y) — YE(X) + E(X)E(Y)],
= E(XY) — E(X)E(Y).

Special case X = Y: Cov(X, X) = Var(X).

Cov(X,X) =E [(X — E(X))?]
= E(X?) - [E(X)]?
= Var(X)

2. Cov(X,Y+Z)=Cov(X,Y)+Cov(X, Z).
Proof.

Cov(X,Y+Z)=E[(X—-EX))(Y+Z—-E(Y+2))],
= Cov(X,Y) + Cov(X, Z).

3. Cov(aX,bY) =ab-Cov(X,Y).
Proof.

Cov(aX,bY) =ab-E(XY) —ab-E(X)E(Y),
=ab-Cov(X,Y).

4. Symmetry: Cov(X,Y) = Cov(Y, X).
5. If Y =aX + b, then Cov(X,Y) = a- Var(X).

Proof.

Cov(X,Y) = Cov(X,aX) + Cov(X,b),
= a - Var(X).

6. Var(X +Y) = Var(X) + Var(Y) +2Cov(X,Y).



Proof.
Var(X+Y)=Cov(X+Y,X+Y),
= Var(X) + Var(Y) +2Cov(X,Y).

7. Var (Z?:l EliXZ'> = Z?:l a? Var(Xi) +2 21<i<]<n ﬂiﬂ]‘ COV(Xi, X])
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a?Var(X;)+2 Y aa;Cov(X;, X;).

i=1 1<i<j<n
1.2.2 Properties of Correlation
1. fY =aX+0b, thenp(X,Y) = £1.
Proof.
o(X,Y) = a - Var(X)
’ \/Var ) - |a|y/Var(X

2. Boundedness: |px y| < 1 (equivalent to | Cov(X,Y)| < /Var(X) Var(Y)).

Proof. Case 1: Discrete variables.
n 2 n n
By Cauchy-Schwarz: (Z XiYi> < (Z Xlz) (Z Yf) .
i=1 i=1

i=1
= XY < IX[l2 - [[Y]|2.

Case 2: Continuous variables.

By Cauchy-Schwarz: (/ XY dFX,y> </ XZdFX> </ YZdFy>

= (E(XY))? < E(X?)E(
General case:
Let X' =X —-EX, Y=Y —EY.
(E(X'Y"))?
= Cov(X,Y)?

E(X?)E(Y"?).
Var(X) Var(Y).
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1.3 Expectation of Random Vector

X, EX,
Var(X) 2 E [(x CEX)(X — ]EX)T} € RE¥K,
COV(X{, X]) = IE[(XZ - IEXZ)<X] — IEX])]

1.3.1 Properties

1. Covariance matrix representation:

Var(Xl) COV(Xl,Xz) ce COV(X1,Xk)
> Cov(Xp, X1)  Var(Xp) -+ Cov(Xp, Xy)
COV(Xk, Xl) COV(Xk, Xz) s Var(Xk)

The covariance matrix Z is positive semi-definite.

Proof. For any non-zero vector a = (ay,...,a;) € Rk:

k

aTZa = lll'a]' COV(X{, X]),

L~

i=1j=1

k
= Var ( al-Xi) > 0.
i=1

Alternative proof using matrix notation:

a'Za=a'E[(X — EX)(X — EX)]a,
= E[a’" (X — EX)(X —EX)"a],

_E [(aT(x—]EX)>2] >0.

Dimension compatibility:

Component Dimension
al € R¥* (X — EX) € R™!
a € RF<1 (X —EX)" € RI*

The non-negativity follows from the expectation of squared terms.
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Eg. (X1,Xp) > X = .
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If X; = X5, then:

and Rank(X) = 1.
E.g. Multinomial (n, p)

P1
p=1: Zpk =1 ZXk =n
k k
Pk
X3
X = ! | ~Multinomial (1, p).
X

Xy ~ Binomial(n, py).
Var(Xi) = npi(1 — p)-

n
X =Y Xii, X~ Ber(pr).
i-1

212 == COV(Xl, Xz) = IEX1X2 - lEXllEXZ,

= ]EX1X2 — 712]/7\1?7\2.

n n
EXiX; = E (Z Xli) (Z ij) ,
i—1 =1
=E |} XiXpj| = ) _E[Xy;Xa],
i i

= ]’l(i”l — 1)?)\1]/9\2.
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Conditional Expectation:

Ly frix(y) =Ly -ply| X), ifYisdiscrete,
E[Y | X]=< V¥ y
f Yfy x(v) dy, if Y is continuous.

Theorem 1.4 (the rule of iterative expectation).

Ex[Eyx[Y | X]] = Ey[Y].

Proof. E[E[Y | X = x]] = [E[Y | X = x|fx(x) dx,

= [ vty |0 fc(x) dxay,
= / / yfyx(x,y)dxdy.
= //ny'fX\Yd]/dx/

= /yfydy = E[Y].

u = E[X].
Sample Mean: X, = 2y7"  X; > EX, = p.
. < — 2
fim %o =

Sequence Limit:

Iim X, = X.

n—o0

Ve > 0,3N(¢) such thatif n > N then |X,, — X| < e.



Convergence in Probability For any ¢ > 0, if

lim P(|X, — X| >¢) =0,

n—00

then X, Lox

Convergence in Quadratic Mean:

X, B Xif lim E(X, — X)2 = 0.

n—00

Convergence in distribution:

X, & Xif lim F,(t) = F(t) at continuous point.

n—oo
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