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Abstract

To be undated.

1 Lecture 4: Random Vector and Expectation

In Lecture 3, we introduced random vectors (X,Y) and their joint distributions. A central
question in statistics is: how does knowing one variable affect our beliefs about another? This
lecture answers that question through conditional distributions. We then extend the frame-
work to d-dimensional random vectors, introduce the multivariate normal and multinomial
distributions, and finally define expectation—the first of many summary quantities that will
play a fundamental role in estimation and inference in later lectures.

1.1 Recall: Joint and Marginal Distributions

We briefly recall the key concepts from Lecture 3. For a random vector (X, Y):

e Joint CDF: Fxy(x,y) = P(X < x,Y < y).
* Joint PMF (discrete): fxy(x,y) = P(X =x,Y =y).

* Joint PDF (continuous): fxy(x,y) > 0, fRz fxy(x,y)dxdy =1,and P((X,Y) € A) =
[ [ fxy(x,y) dx dy.

* Marginal distribution: fx(x) =Y, fx,y(x,y) (discrete) or fx(x) = [ fxy(x,y) dy (con-
tinuous).

e Independence: X and Y are independentif P(X € A,Y € B) = P(X € A) - P(Y € B) for
all Borel sets A, B, equivalently fxy(x,y) = fx(x)fy(y).

With this foundation, we now study how to update our beliefs about Y when we observe X.



1.2 Conditional PMF and PDF

The conditional distribution of Y given X = x describes how the distribution of Y changes
when we know the value of X. It is the probabilistic analogue of “Y given X.”

Definition 1.1 (Conditional PMF and PDF). For random variables X and Y with joint PMF or
PDF fx y and marginal fx(x) > 0:

e Discrete: P(Y =y | X =x) = P(;((:}ggcjy) — f%g)y)

¢ Continuous: fyx(y | x) = ﬁ_{f;ig)y)

In both cases, the chain rule holds:

fxx(xy) = frx(y [ %) - fx(x).

When X and Y are independent, we have fxy(x,y) = fx(x)fy(y). Substituting into the
conditional formula yields

_ fxx(xy) _ fx(0)fr(y) _
fY|X(y | x) = fX(x) - fX(x) _fY(y)

Thus, knowing X does not change the distribution of Y.

Example 1.2 (Conditional Uniform). Let X ~ U[0, 1] and suppose that given X = x, we have
Y | X = x ~ U|[x, 1]. Find the marginal PDF of Y.
Step 1: The marginal of X and the conditional of Y given X are

1, 0<x<1 4, x<y<1
x)=4 ' 777 and x)= = 7= :
fx(x) {0, otherwise fY|X(y | %) {O, otherwise
Step 2: By the chain rule, the joint PDF is
4, 0<x<y<1
fxx(xy) = frx(y | x) - fx(x) = ¢ = . :
0, otherwise
Step 3: Marginalizing over x, for y € [0,1]:
- [ dr= [ dr=—m@
f) = [ frrboy) dr= [T dr=—In(1-p).

Remark 1.3 (Linear Model). A simple regression model posits Y; = B'x; + ¢; for observations
{(xi,yi) Y1, where ¢; are random errors. The conditional distribution Y | X = x is central to this
framework; we will return to it in the regression lectures.



1.3 Multivariate Random Vectors

We now extend the bivariate framework to d-dimensional random vectors X = (Xy,..., X)) €
R?.

Definition 1.4 (Multivariate CDF and PDF). For x = (xy,...,x;)| € R%:
d JOil‘lt CDF: Px(x) = P(X1 < X1,+-- er < Xd).

* Joint PDF: fx(x) > 0, [p« fx(x) dx = 1, and P(X € A) = [, fx(x) dx for Borel sets
ACRY

Definition 1.5 (Marginal Distribution). The marginal PDF of (Xj, ..., Xi) is obtained by inte-
grating out the remaining variables:

fxyx (X1, .00, xk) = /]R e /]fo(x) dxgyq -+ dxg.

Definition 1.6 (Independence). Random variables Xj, ..., X; are independent if

fx(x) =] | fx(xi).

e

1.3.1 Multivariate Normal Distribution
The multivariate normal distribution generalizes the univariate normal to RY.

Definition 1.7 (Standard Multivariate Normal). Let Z = (Z1,...,7Z;)" where Zy,...,7Z; ~
N(0,1) are independent. The density of Z is

k k
1 1 ’ 1 1 +
flz) = gfz" (1) = 2r)kz P {_2]; % } " a2 9P {_22 z} '
We write Z ~ N(0,I), where I is the k x k identity matrix.

Definition 1.8 (General Multivariate Normal). A random vector X has a multivariate normal

distribution X ~ N(p, X) if its density is

Flim =) = Grorga P { 3 =0 = =
where p € IR¥ is the mean vector, ¥ is a k X k symmetric positive definite covariance matrix, and
|X| denotes its determinant.
Lemma 1.9. If X ~ N(0,1), then Z = p + XV2X ~ N(p, X).
Proof. The transformation g~!(z) = Z~1/2(z — u) has Jacobian Vg~1(z) = Z~/2. By the

multivariate change-of-variable formula,

f2(z) = fx(g7'(2)) ‘detffl/z‘ = (27r)k/12|2|1/2exp {—;(z —u)'27(z —y)}.



Definition 1.10 (Matrix Square Root). The square root =!/? of a symmetric positive definite
matrix X satisfies:

o /2 is symmetric.
o X =3xl/251/2
o X1/2971/2 = 371725172 — [, where £71/2 = (21/2) 71,
e IfX =UDU' isan eigendecomposition, then /2 = yupl2u’ and 2V2 = uDp-1/2U’T,
where D1/2 = diag(+/D11,-- -, v/ D).
1.3.2 Multinomial Distribution

Consider tossing a die with k faces n times. Let p = (p1,..., px) with p; > 0 and Z}‘:l pi =1,
and let X = (Xj,..., Xg) " where X; counts how many times face j appears, so Z;-‘:1 X; = n.

Definition 1.11 (Multinomial Distribution). We say X ~ Multinomial(n, p) if

n! ny_ np 1
where ny + - - - + n = n.

Lemma 1.12. If X ~ Multinomial(n, p) with X = (X, ..., Xi) ', then the marginal distribution of
Xjis Xj ~ Bin(n, p;).
1.4 Expectation

We now introduce the expected value (or mean) of a random variable—a single number that
summarizes the “center” of its distribution. Expectation will be the cornerstone of estimation,
variance, and many limit theorems in later lectures.

Definition 1.13 (Expected Value). The expected value (or mean, or first moment) of a random

variable X is
Yoo x fx(x) if X is discrete

Jg X fx(x) dx if X is continuous ’

E[X] = /x dFy(x) = {

provided the sum or integral exists (i.e., E[| X|] < o0).

Example 1.14 (Coin Toss). Flip a fair coin twice. Let X be the number of heads. Then X € {0,1,2}
with fx(0) =1/4, fx(1) =1/2, fx(2) = 1/4. Thus

1 1
E[X] =) xfx(x)=0--+1--+2.
~ 4 2
Definition 1.15 (Rule of the Lazy Statistician). Let Y = r(X) for a (measurable) function r. Then
E[Y] = E[+(X)] = / r(x) dFx(x) = / r(x) fx(x) dx (continuous case).

We do not need to find the distribution of Y; we integrate with respect to the distribution of X.

4



Example 1.16 (Indicator and Probability). Let I4 be the indicator of event A: I[4(x) =1ifx € A
and I4(x) = 0 otherwise. Then

E[I4(X)] =0-P(X ¢ A)+1-P(X € A) = P(X € A).

Thus expectation of an indicator recovers the probability of the corresponding event.
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