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1 Recall

• Xn
P→ X, lim

n→∞
P(|Xn −X| > ϵ) = 0.

• Xn
d→ X, lim

n→∞
Fn(t) = FX(t) , for all t for which FX is continuous.

• Xn
L2

→ X, lim
n→∞

E[(Xn −X)2] = 0.

2 Some Proof about Types of Convergence

2.1 Classical Example

Xn ∼ N(0,
1

n
)

To prove:

• 1⃝ Xn
d→ X, P (X = 0) = 1.

Proof:

Fn(t) = P(Xn ≤ t)

= P(
√
nXn ≤

√
nt)

= Φ(
√
nt),

where
√
nXn ∼ N(0, 1)

lim
n→∞

Fn(t) = 1, for t > 0.

lim
n→∞

Fn(t) = 0, for t < 0.
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lim
n→∞

Fn(t) =
1

2
, when t = 0.

FX(t) =

1 if t ≥ 0,

0 if t < 0.

For t > 0 : lim
n→∞

Fn(t) = FX(t) = 1,

For t < 0 : lim
n→∞

Fn(t) = FX(t) = 0,

At t = 0 : lim
n→∞

Fn(0) =
1

2
̸= FX(0) = 1 (Point of discontinuity).

∴ Xn
d→ X.

Supplementary Theorem

Theorem 1 (Markov Inequality). If random variable X > 0, then for all ϵ > 0,

P(X > ϵ) ≤ E(X)

ϵ
.

图 1: Markov Inequality Example Figure

Proof:
Let y1 = ϵI(x > ϵ) and y2 = x(x ≥ ϵ).
Since

y1 ≤ y2,
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then
E(y1) ≤ E(y2),

ϵE[I(X ≥ ϵ)] ≤ E(X),

ϵP(X ≥ ϵ) ≤ E(X),

P(X ≥ ϵ) ≤ E(X)

ϵ
.

Theorem 2 (Chebyshev’s Inequality). Given a sequence {Xn}, E(Xn) = µ, V ar(Xn) = σ2.

⇒ P(|Xn − µ| ≥ ϵ) ≤ σ2

ϵ2
.

Proof:

P(|Xn − µ| ≥ ϵ) = P((Xn − µ)2 ≥ ϵ2)

≤ E[(Xn − µ)2]

ϵ2

=
σ2

ϵ2
.

Tips.
(1) Concentration Inequality
(2)

P(exp(Xn − µ) ≥ exp(ϵ)) ≤ E[exp(Xn − µ)]

exp(ϵ) .

Supplementary Theorem

• 2⃝ Xn
P→ 0.

Proof:

P(|Xn − 0| ≥ ϵ) = P((Xn − 0)2 ≥ ϵ2)

= P((Xn − E(Xn))
2 ≥ ϵ2)

≤ V ar(Xn)

ϵ2
(by Theorem2)

=
1

nϵ2
→ 0.

2.2 Relationship between types of convergence

Theorem 3. 1⃝
Xn

L2

→ X ⇒ Xn
P→ X.

2⃝
Xn

P→ X ⇒ Xn
d→ X.
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3⃝
Xn

d→ X,P(X = c) = 1 ⇒ Xn
P→ X.

Summary:

图 2: Relationship between Types of Convergence.

Proof:
1⃝

P(|Xn −X| ≥ ϵ) = P((Xn −X)2 ≥ ϵ2)

≤ E[(Xn −X)2]

ϵ2
∵Xn

L2
→X→ 0.

2⃝

Fn(x) = P(Xn ≤ x)

= P(Xn ≤ x,X > x+ ϵ) + P(Xn ≤ x,X ≤ x+ ϵ)

≤ P(Xn ≤ x,X > x+ ϵ) + P(X ≤ x+ ϵ)

≤ P(|X −Xn| ≥ ϵ) + FX(x+ ϵ).

FX(x− ϵ) = P(X ≤ x− ϵ)

= P(X ≤ x− ϵ,Xn ≤ x) + P(X ≤ x− ϵ,Xn > x)

≤ P(Xn ≤ x) + P(Xn > X + ϵ)

≤ Fn(x) + P(|Xn −X| > ϵ).

Therefore,
FX(x− ϵ)− P(|Xn −X| > ϵ) ≤ Fn(x) ≤ FX(x+ ϵ) + P(|Xn −X| ≥ ϵ).

As n → ∞, Fn(x) → FX(x) at x which is a continuous point of FX .
3⃝

Xn
d→ X,P(X = c) = 1 ⇒ Xn

P→ X.
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P(|Xn − c| > ε) = P(Xn ≥ c+ ε) + P(Xn ≤ c− ε)

= Fn(c− ε) + 1− Fn(c+ ε).

As n → ∞,

FX(c− ε) + 1− FX(c+ ε)

= 0 + 1− 1

= 0

3 Main Theorems

3.1 Weak Law of Large Numbers (WLLN)

Theorem 4. If X1, . . . , Xn are IID with EXi = µ, then Xn
P−→ µ.

Proof:
By Chebyshev’s inequality:

P(|Xn − µ| > ϵ) ≤ V(Xn)

ϵ2
=

σ2

nϵ2
→ 0 (n → ∞).

3.2 Central Limit Theorem (CLT)

Theorem 5. Let X1, . . . , Xn be IID with mean µ and variance σ2. Define Xn = n−1
∑n

i=1 Xi.
Then:

Zn ≡ Xn − µ√
V(Xn)

=

√
n(Xn − µ)

σ

d−→ Z ∼ N(0, 1).

3.3 Slutsky’s Theorem

Theorem 6. Let Xn, Yn be random sequences:

(a) Xn
P−→ X, Yn

P−→ Y =⇒ Xn + Yn
P−→ X + Y .

(b) Xn
L2

−→ X, Yn
L2

−→ Y =⇒ Xn + Yn
L2

−→ X + Y .

(c) Xn
d−→ X, Yn

d−→ c =⇒ Xn + Yn
d−→ X + c.

(d) Xn
d−→ X, Yn

d−→ c =⇒ XnYn
d−→ c ·X.

(e) Xn
P−→ X, Yn

P−→ Y =⇒ XnYn
P−→ XY .
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3.4 Continuous Mapping Theorem (CMT)

Theorem 7. Let g be a continuous function:

(1) Xn
P−→ X =⇒ g(Xn)

P−→ g(X).

(2) Xn
d−→ X =⇒ g(Xn)

d−→ g(X).

3.5 Multivariate Central Limit Theorem

Theorem 8. Let X1, . . . , Xn be IID random vectors:

Xi =


X1i

X2i

...
Xki

 , µ =


µ1

µ2

...
µk

 , Σ = Var(Xi).

Define X =


X1

X2

...
Xk

. Then:

√
n(X − µ)

d−→ N(0,Σ).

3.6 Delta Method

Theorem 9. Suppose
√
n(Xn−µ)

σ

d−→ N(0, 1) and g is differentiable.
Then: √

n(g(Xn)− g(µ))

σ

d−→ N
(
0, [g′(µ)]2

)
.

Proof:
By Taylor expansion:

g(Xn)− g(µ) = g′(µ)(Xn − µ) +
1

2
g′′(ξ)(Xn − µ)2

√
n(Xn − µ)

σ
=

√
n(g(Xn)− g(µ))

σ · g′(µ)
−

√
ng′′(ξ)(Xn − µ)2

2σg′(µ)︸ ︷︷ ︸
Rn

.

Analysis

1. Left-hand side: d−→ N(0, 1).

2. |Xn − µ| = Op(n
−1/2) =⇒ Rn = Op(n

−1/2) → 0 (in probability).
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4 Applications

Problem Prove that
√
n(Xn−µ)

Sn

d−→ N(0, 1).

Proof:
expand the sample variance:

S2
n =

1

n− 1

n∑
i=1

(Xi −Xn)
2

=
1

n− 1

[
n∑

i=1

X2
i − nX

2

n

]

=
n

n− 1

[
1

n

n∑
i=1

X2
i −X

2

n

]
.

Key Steps

1. X2
n

P−→ µ2 (CMT).

2. 1
n

∑
X2

i
P−→ E(X2) = σ2 + µ2 (WLLN).

3. n
n−1

n→∞−−−→ 1.

4. S2
n

P−→ σ2 =⇒ Sn
d−→ σ (CMT).

Conclusion

√
n(Xn − µ)

Sn

=

√
n(Xn − µ)

σ
· σ

Sn

d−→ N(0, 1) · 1 (CLT & Slutsky).
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