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1 Recall

Var(X) = E
[
(X − E(X))2

]
. (1)

2 Covariance and Correlation

Definition 1 (Covariance). Covariance measures joint variability — the extent of variation between two
random variables:

Cov(X,Y )
∆
= E [(X − E(X))(Y − E(Y ))] . (2)

Definition 2 (Correlation). Correlation is a measure of the degree of linear relationship between two vari-
ables:

ρ(X,Y )
∆
=

Cov(X,Y )

σX · σY
where σ2

X = Var(X), σ2
Y = Var(Y ). (3)

2.1 Properties of Covariance

1. Cov(X,Y ) = E(XY )− E(X)E(Y ).

Proof.

Cov(X,Y ) = E [(X − E(X))(Y − E(Y ))] ,

= E[XY −XE(Y )− Y E(X) + E(X)E(Y )],

= E(XY )− E(X)E(Y ).

Special case X = Y : Cov(X,X) = Var(X).

Cov(X,X) = E
[
(X − E(X))2

]
,

= E(X2)− [E(X)]2,

= Var(X).

2. Cov(X,Y + Z) = Cov(X,Y ) + Cov(X,Z).

Proof.

Cov(X,Y + Z) = E [(X − E(X))(Y + Z − E(Y + Z))] ,

= Cov(X,Y ) + Cov(X,Z).
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3. Cov(aX, bY ) = ab · Cov(X,Y ).

Proof.

Cov(aX, bY ) = ab · E(XY )− ab · E(X)E(Y ),

= ab · Cov(X,Y ).

4. Symmetry: Cov(X,Y ) = Cov(Y,X).

5. If Y = aX + b, then Cov(X,Y ) = a ·Var(X).

Proof.

Cov(X,Y ) = Cov(X, aX) + Cov(X, b),

= a ·Var(X).

6. Var(X + Y ) = Var(X) + Var(Y ) + 2Cov(X,Y ).

Proof.

Var(X + Y ) = Cov(X + Y,X + Y ),

= Var(X) + Var(Y ) + 2Cov(X,Y ).

7. Var (
∑n

i=1 aiXi) =
∑n

i=1 a
2
i Var(Xi) + 2

∑
1≤i<j≤n aiaj Cov(Xi, Xj).

Proof.

Var

(
n∑

i=1

aiXi

)
=

n∑
i=1

n∑
j=1

aiaj Cov(Xi, Xj),

=

n∑
i=1

a2i Var(Xi) + 2
∑

1≤i<j≤n

aiaj Cov(Xi, Xj).

2.2 Properties of Correlation

1. If Y = aX + b, then ρ(X,Y ) = ±1.

Proof.

ρ(X,Y ) =
a ·Var(X)√

Var(X) · |a|
√

Var(X)
,

=
a

|a|
= ±1.

2. Boundedness: |ρX,Y | ≤ 1 (equivalent to |Cov(X,Y )| ≤
√
Var(X)Var(Y )).
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Proof. Case 1: Discrete variables.

By Cauchy-Schwarz:
(

n∑
i=1

XiYi

)2

≤

(
n∑

i=1

X2
i

)(
n∑

i=1

Y 2
i

)
.

⇒ |XTY| ≤ ∥X∥2 · ∥Y∥2.

Case 2: Continuous variables.

By Cauchy-Schwarz:
(∫

XY dFX,Y

)2

≤
(∫

X2dFX

)(∫
Y 2dFY

)
.

⇒ (E(XY ))2 ≤ E(X2)E(Y 2).

General case:

Let X ′ = X − EX, Y ′ = Y − EY.
(E(X ′Y ′))2 ≤ E(X ′2)E(Y ′2).

⇒ Cov(X,Y )2 ≤ Var(X)Var(Y ).

3 Expectation of Random Vector

X =

X1

...
Xk

 ∈ Rk, E[X]
∆
=

EX1

...
EXk

 .

Var(X)
∆
= E

[
(X− EX)(X− EX)⊤

]
∈ Rk×k.

Cov(Xi, Xj) = E[(Xi − EXi)(Xj − EXj)].

3.1 Properties

1. Covariance matrix representation:

Z =


Var(X1) Cov(X1, X2) · · · Cov(X1, Xk)

Cov(X2, X1) Var(X2) · · · Cov(X2, Xk)
...

... . . . ...
Cov(Xk, X1) Cov(Xk, X2) · · · Var(Xk)

 .

The covariance matrix Z is positive semi-definite.

Proof. For any non-zero vector a = (a1, . . . , ak)
⊤ ∈ Rk:

a⊤Za =

k∑
i=1

k∑
j=1

aiaj Cov(Xi, Xj),

= Var

(
k∑

i=1

aiXi

)
≥ 0.
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Alternative proof using matrix notation:

a⊤Za = a⊤E[(X− EX)(X− EX)⊤]a,

= E[a⊤(X− EX)(X− EX)⊤a],

= E
[(
a⊤(X− EX)

)2] ≥ 0.

Dimension compatibility:

Component Dimension
a⊤ ∈ R1×k (X− EX) ∈ Rk×1

a ∈ Rk×1 (X− EX)⊤ ∈ R1×k

.

The non-negativity follows from the expectation of squared terms.

E.g. (X1, X2) → Σ =

(
σ2
1 σ12

σ21 σ2
2

)
.

If X1 = X2, then:
Σ =

(
σ2
1 σ2

1

σ2
1 σ2

1

)
.

and Rank(Σ) = 1.

E.g. Multinomial (n, p)

p =

p1
...
pk

 ∑
k

pk = 1
∑
k

Xk = n.

X =

X1

...
Xk

 ∼ Multinomial (n, p).

Xk ∼ Binomial(n, p̂k).

Var(Xk) = np̂k(1− p̂k).

Xk =

n∑
i=1

Xki, Xki ∼ Ber(p̂k).

E(Xk·i) = p̂k.

Var(Xk·i) = p̂k(1− p̂k).

Σ12 = Cov(X1, X2) = EX1X2 − EX1EX2,

= EX1X2 − n2p̂1p̂2.
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EX1X2 = E

( n∑
i=1

X1i

) n∑
j=1

X2j

 ,

= E

∑
i,j

X1iX2j

 =
∑
i,j

E[X1iX2j ],

= h(n− 1)p̂1p̂2.

Σ12 = −np̂1p̂2.

Σij = −np̂ip̂j i ̸= j.

Σii = np̂i(1− p̂i).

Conditional Expectation:

E[Y | X] =


∑
y
y · fY |X(y) =

∑
y
y · p(y | X), if Y is discrete,∫

yfY |X(y) dy, if Y is continuous.

Theorem 1 (the rule of iterative expectation).

EX [EY |X [Y | X]] = EY [Y ].

Proof. E[E[Y | X = x]] =
∫
E[Y | X = x]fX(x) dx,

=

∫∫
yfY |X(y | x)fX(x) dx dy,

=

∫∫
yfY |X(x, y) dx dy.

=

∫∫
yfY · fX|Y dy dx,

=

∫
yfY dy = E[Y ].

µ = E[X].

Sample Mean: X̄n = 1
n

∑n
i=1 Xi → EX̄n = µ.

lim
n→∞

X̄n = µ ?

Sequence Limit:
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lim
n→∞

Xn = X.

∀ε > 0, ∃N(ε) such that if n ≥ N then |Xn −X| ≤ ε.

Convergence in Probability For any ε > 0, if

lim
n→∞

P (|Xn −X| ≥ ε) = 0,

then Xn
P−→ X.

Convergence in Quadratic Mean:

Xn
L2

−−→ X if lim
n→∞

E(Xn −X)2 = 0.

Convergence in distribution:

Xn
d−→ X if lim

n→∞
Fn(t) = F (t) at continuous point.
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