Modern Statistics Lecture 6 - 3/9/2025

Lecture 6 Expectation & convergance of R.V.

Lecturer: Xiangyu Chang Scribe: Zipeng Zheng, Xiangdong Meng

Edited by: Zhihong Liu

1 Recall

Var(X) = E [(X — E(X))?]. (1)

2 Covariance and Correlation

Definition 1 (Covariance). Covariance measures joint variability — the extent of variation between two
random variables: A
Cov(X,Y) S E[(X - E(X))(Y —E(Y))]. (2)

Definition 2 (Correlation). Correlation is a measure of the degree of linear relationship between two vari-

ables:
A Cov(X,Y)

X,Y
pXY) ==

where 0% = Var(X), 0% = Var(Y). (3)

2.1 Properties of Covariance
1. Cov(X,Y) =E(XY) — E(X)E(Y).
Proof.

Cov(X,Y) = E[(X — E(X))(Y - E(Y))],
IE[XY XE(Y) - YE(X) + E(X)E(Y)],
= E(XY) - E(X)E(Y).
Special case X =Y: Cov(X, X) = Var(X).
Cov(X, X) =E [(X - E(X))?],
=E(X?) - [E(X)]%,

= Var(X).
O
2. Cov(X,Y + Z) = Cov(X,Y) + Cov(X, Z).
Proof.
Cov(X,Y + Z) =E[(X —E(X))(Y + Z —E(Y + 2))],
= Cov(X,Y) + Cov(X, Z).
0



3. Cov(aX,bY) =ab-Cov(X,Y).
Proof.

Cov(aX,bY) =ab-E(XY) —ab-E(X)E(Y),
=ab- Cov(X,Y).

4. Symmetry: Cov(X,Y) = Cov(Y, X).
5. If Y = aX + b, then Cov(X,Y) = a - Var(X).
Proof.

Cov(X,Y) = Cov(X,aX) + Cov(X,b),
a - Var(X).

6. Var(X +Y) = Var(X) + Var(Y) + 2 Cov(X,Y).
Proof.

Var(X +Y)=Cov(X + Y, X +7Y),
= Var(X) + Var(Y) + 2 Cov(X,Y).

7. Var (31 aiX;) = Y1 a? Var(X;) + 2 D oi<icj<n @iaj Cov(Xi, Xj).

Proof.
Var(Z ) ZZaa]Cov Xi, X;),
i=1 i=1 j=1
Z * Var(X Z a;a; Cov(X;, X;).
=1 1<i<j<n
2.2 Properties of Correlation
1. fY = aX + b, then p(X,Y) =
Proof.
X
p(X,Y) = a - Var(X)
\/Var ) - la]y/Var(X
= — ==1.
|a|

2. Boundedness: |px,y| <1 (equivalent to | Cov(X,Y)| < y/Var(X) Var(Y)).



Proof. Case 1: Discrete variables.

2 n
By Cauchy-Schwarz: <z”: XiYi> < <XH:X12> (ZI: Yf)
i=1 i=1 i=1
= XY < X2 [[Y]2-
Case 2: Continuous variables.
By Cauchy-Schwarz: </ XY dFXy)2 < </ XQdFX> (/ YZdFy> )
= (E(XY))? <E(X*)E(Y?).
General case:

Let X' =X —EX, Y =Y —EY.
(E(X'Y"))? <E(XE(Y"?).
= Cov(X,Y)? < Var(X) Var(Y).

3 Expectation of Random Vector
X, EX,
X=|:|eR" EX] ;
X EX},

Var(X) 2 E [(X — EX)(X — EX)T] € R¥¥.

3.1 Properties

1. Covariance matrix representation:

Var(Xl) COV(X17X2) s COV(Xl,Xk)
_ COV(XQ,Xl) Var(Xg) COV(XQ,Xk)
Z = . . . .
Cov(Xk, X1) Cov(Xp,X2) - Var(Xy)

The covariance matrix Z is positive semi-definite.

Proof. For any non-zero vector a = (ay,...,a;)' € RF:
ko k
aTZa = Z Z a;Q; COV(Xi, Xj),
i=1 j=1

k
= Var <Z aiXi> > 0.
i=1



Alternative proof using matrix notation:
a'Za=a'E[(X —EX)(X - EX)']a,
=FE[a" (X - EX)(X — EX)"al,
—E|(a’ (X - EX))’| > 0.

Dimension compatibility:

Component Dimension
al € RIXF (X — EX) € RFXT
a € RFXT (X —EX)T € RI¥F

The non-negativity follows from the expectation of squared terms.

0’2 g12
Eg (X1,Xe)—>X= ! .
g ( 1, 2) (0.21 0.%

If X1 = X5, then:

and Rank(X) = 1.
E.g. Multinomial (n, p)

b1
p={i| 2m=1 ) Xi=n
Pk * *
Xq
X =| : | ~Multinomial (n,p).
Xk

X}, ~ Binomial(n, p).

Var(Xk) = nﬁk(l — ﬁk)

Xi =Y Xpi, Xgi~ Ber().
i=1
E(Xk.i) = P-
Var(Xy.;) = pr(1 — pr).

212 = COV(X17X2) = EXlXQ — ]EXlEXQ,

=EX Xo — n*p1p2.



7,J i,]
= h(n — 1)p1pa.
Y19 = —np1pa.

Yij=-—npip; iF#].
i = npi(1 — pi)-

Conditional Expectation:

2 u-fyix(y) =2y -ply| X), ifY is discrete,
EY | X]=< v Y
Jufvix () dy, if Y is continuous.

Theorem 1 (the rule of iterative expectation).

Ex[Eyx[Y | X]] = Ey[Y].

Proof. E[E)Y | X =z]] = [E[Y | X = z]fx () dx,

— [[utvixtv ) sx(e) dndy,

://yfy|X(x,y)dxdy.
= //ny'f)qY dy d,

= /yfy dy = E[Y].

w=E[X].
Sample Mean: X, =13" X; »EX,=pu.

Sequence Limit:



lim X, = X.

n—oo

Ve > 0,3N(e) such that if n > N then |X,, — X| <e.

Convergence in Probability For any ¢ > 0, if
lim P(|X, — X|>¢) =0,
n—oo

then X, 2 X.

Convergence in Quadratic Mean:

L? . . 2
X, L5 X if lim E(X, — X)2 =0.

n—oo

Convergence in distribution:

X, % X if lim F,(t) = F(t) at continuous point.

n— oo
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