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1 Recall

1.1 CDF

° FX,Y(xay) :P($§l’,y§y)

1.2 PMF and PDF
« PMF:

- fxy(@,y) =Plx<z,y<y)

 PDF:

- fX,Y(l',y) >0
- fRz fX,Y(-T,y) drdy =1
- P((X,Y) e A) = [, fxy(z,y)dxdy

1.3 Marginal Distribution
—fx(@)=PX =2)=3 P(X =Y =y) =, fxy(z,y)

— fx(x) = [; fxy(z,y)dy

1.4 Independent

- P(Xe€AYeB)=P(XecAPX eB)

2 Conditional PMF and PDF

_ fxvy(zy)

. fY|X(y) “ix@ °r fX,Y(xay) = fy(ylz) - fx(x)




if independent:

* fY(?J|33) = fY(y)

For example,

« X ~U[0,1],Y|X ~ Ulz, 1], fy?

Stepl:
1, 0<x<1
* fﬂc(x> =
0, otherwise
= z<y<l1
. fY|X(y) =
0, otherwise
Step2:
/, z<y<l1
o fxy(z,y) = frylz) - fx(z) =
0, otherwise

Step3:

® fY(y> = fR fX,Y(xvy)dx = foy 1ixd'/1: = _hl(l - y)

supplement:Linear Model

o {(wi,yi)}iy

e Y, ="z +e

3 Multivarable

3.1 CDF

. 7:x:(x1,~~- ,xd)—r

Fy(y) =P <z1, - ,ya < Ta)

3.2 PMF and PDF

d FY(y):P(?Jl:Ila"'ayd:iUd)



* fRdfx(x) =1

e« P(xeA)= [, fo(x)de, AC R?

° fmlmmd(xlp"' 7xk) = fRfR"'fm(x)dek+1"'dxd

° fz(x) = H?:l fzi(ml) (Independent>

3.3 Multivariate Normal Distribution

Definition 1 Standard Multivariate Normal Distribution
Z=(Z1,Z),...,2Z]) , where Zi,...,Z; ~ N(0,1) are independent. The density of Z is

1 1.
= (27r)k/2 exXp *52 zZ .

We written that Z ~ N(0,I) , I is the k x k identity matriz.

Definition 2 (General) Multivariate Normal Distribution

a vector X has a multivariate normal distribution X ~ N(u,X) ,it has density

flzp, X) = WW@XP {—;(f —w)'E (- N)}

where |(X)| denotes the determinant of ¥, u is a vector of length k and X is the k x k symmetric,positive

definite matriz.

Lemma 1 if X ~ N(0,I) , Z = p+XY2X ~ N(p, %)

Proof process:



7 =pu+ 32X

X =g (2) =22 - p)
Vg l(Z2)=%"1?
fo(2) = fo(97'(2))|Det (Vg™ (2))|

= gy ep{— (57 = ) TEVAZ — ) Der(s)
= gy OXp{— (532 = 1) TS A(Z ) Det(s) 2

= G 52— )

Definition 3 X2 —- the square root of ¥
has the following properties:

$1/2 s symmetric

« Y — 21/221/2
o D2ETY2 =922 = [ wherex~1/? = (31/2)7!
Dy -+ 0

o X2 =UDV2UT, 2"V2 =UDY2U" where DY/? = :
0 - VDrx

3.4 Multinomial Distribution

Considering throwing a coin which has k different faces n times.

(1)

p=(p1,...,pk) , p; : the probability of throwing a coin with face j. ( p; > 0 and Zlepj =1)

X =(Xy,..., X)), X; : the number of times that face j appears.( n = Zle X;)
We say that X has a Multinomial(n, p) distribution written X ~ Multinomial(n,p) .
The probability function is

n!
ny, N9 ng
7“7%!?1 by” ... Dy,

P(Xlznl,ngnQ,...,Xk:nk): 1 1
ning: .

Lemma 2 Suppose that X ~ Multinomial(n,p) where X = (X1,...,Xy) and p = (p1,..

The marginal distribution of X; ~ B(n,p;).

'apk)-



3.5 Expectation
3.5.1 Mean Value

Definition 4 The expected value, or mean, or first moment, of X is defined to be

_ ) X.xf(x)  if X s discrete
P = /xdF(x) - { fxf(x)dm if X is continuous

Example 1 Flip a fair coin two times. Let X be the number of heads. Then,
E(X) :/ardFX(:r)
= Z zfx(z)

=0x f(0))+1x f(1)+2x f(2)
=0x1/44+1x1/24+2x1/4
=1

3.5.2 The Rule of the Lazy Statistician
Definition 5 (The Rule of the Lazy Statistician) Let Y = r(X).Then

E(Y) = E(r(X))
:/r(m)dFX(x) (3)
— [ r@)tx(o)is

Example 2 Let A be an event where Io(x) =1 if x € A and 14(x) =0 if © ¢ A.Then

E(I4(X)) =0 -P(X ¢ A) +1-P(z € A) = P(X € A).
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