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1 Recall

« : Sample space, the set of possible outcomes of experiments.
o A: Events, the subset of Q (A C Q).

o Probability: The concept “probability” can be understood as a function (or a mapping).

Definition 1 P: A C Q — [0,1] that satisfies 8 axioms:
— P(A) > 0,YAC Q.
- P(Q) =1.

~ {AJLn AN 4, =0.P((4) = T, P(4).

e Random Variable: A random variable X is a measurable function from a probability space

(Q,F,P) to (R,B(R)):
X:O0->R

— X: is a mapping, measurable function.
— : outcomes.

-—we X(w)eR.
e the Probability of Random Variable:

— X :Q — R. An outcome in the sample space is defined as a real number.

— Define a set A = [a,b] CR, then P(X € A) = P({w|w € 2, X(w) € A}).

o CDF(Cumulative Distribution Function) : For a random variable X, its Cumulative

Distribution Function is the function Fy : R — [0, 1] defined by:

Fx(x) =P(X <z)=P({we Q| X(w) <z}).



2 PDF (probability distribution function)

Definition 2 z is continuous, if there exists fx(x).

o Jofx(x)de =1.

e Pla<z<b) = fab f(z)dz. (proof:Integral mean value theorem)

Definition 3 (Quantile) Fy'(q) = Inf{z|Fx(z) > ¢}

o Median: F)Zl(%)
. First Quartile: Fy'(1)

e Third Quartile: F ;1(%)

Example 1
0, =z<0
1, 0<x<1
[x(z)) = Fx(zx)=qz, O0O<z<l1
0, others
1, =>1

o Median: Fy'(3) = 1.
o First Quartile: F'(1) = 1.

o Third Quartile: Fx'(3) = 3.

Definition 4 X is discrete if X countably takes from {x1,z2, -,z }

PM F(Probability Mass Function) : fx(r) = P(X = z)

Example 2 fx(k)=P(X =k)=Cp(3)",0<k<n

3 Important R.V.

1. Point Mass

0, z<a
P(X =a)=1,Fx(x)=
1, z>a
2. Discrete Uniform Distribution
1
Xe{l,-- ,n},P(X=k)=—ke{l,2,--- ,n}
n



3. Bernoulli
X e{0,1},P(X =2) =p"(1 —p)'*

4. Binomial(n, p)
P(X =2)= <Z>p$(1 -p)""

o Additivity: if X1 ~ Bin(ni,p), Xa ~ Bin(na,p), then Z = X; 4+ X5 ~ Bin(n; +na, p), where
X1 and X, are independent.

o The sum of Bernoulli trials: if Z ~ Bin(n,p), X; ~ Ber(p), then Z =>""" | X;.

5. Poisson(\):

x!
TS S A A A AN
Vemfzcatwn:ZP(X:k):Ze ik ZHZE et =1
k=0 k=0 k=0

6. Geometric:

7. Continuous Uniform Distribution:

ﬁ, x € [a,b)
X ~U(a,b), f(x) =
0,

otherwise

8. Normal Distribution:

SR ECEY.

o2ro 202

fz) =

) , X ~ N(p,0?) (pis mean , ois variance )

o Standard Normal:
X ~N(0,1) = P(X <z)=9(z)

o If Z~ N(p,0%),Z=p+0X,then X ~ N(0,1).

4 Transformation of R.V.

Suppose Y = g(X),

1. fy(y) =P =y)=P(9(X)=y) = P(X =g (y)), when g(X) is monotonic.

2. Fy(y) = P(Y < y) = P(9(X) <y), when g(X)is monotonic, P(g(X) <y) = P(X <g7'(y)) =
J7Y fx(@)da, fy(y) = 0 = fe(gl(y) |2

dy
3.If X ~ N(u,0%) Let Z = £ then P(X < z) = P (322 < Z#) = @ (=) (P(-) is the

o o

cumulative - distribution function of the standard normal distribution).



2

4. If X; are independent of each other and X; ~ N (u;,0?), then X = Zle X;,~N (Zle i, Zle 0-2).

Example 3 if Z = p+ oX, then g7'(2) = =£ dg(z) _ L g fz(2) = fx (4 |5 IF X ~

o 7 dz o’
2—p)2
N(0,1).fx(x) = J=e 7, then f2(z) = A—e” 5, Z ~ N(u,0?).

5 Bivariable

Definition 5
PMF :LetZ = (X, Y)' € R? fz(2) = P(X =2,Y =)

Definition 6 (Marginal Distribution)

P(X):ZP(X:%Y:Z/% P(X:‘Ti)zzpij:pz?

Definition 7 (PDF)
Fxy(z,y) = P(X <2,V <y)

Property:

i f]R2 fX,Y(I7y)d‘rdy =1

. f(z,y)€R2 fX,Y(-T,y)dxdy = P((X7Y) c A)

Definition 8 (Independence)

P(X €AY eB)=P(XcA) -PY<€B)& fxy(zy) = fx@) fy(y)

Transformation If y = g(z), then fy(y) = fx(¢7'(y)) - | det(Vg~(y))].
*Verification: Given X and Y = Fx(X) , try to prove Y ~ U(0,1)

Prove: P(Y <y) = P(Fx(X) <y) = P(X < Fx'(y)) = Fx(Fx'(y)) = v.
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