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1 Recall of SLR

For the observed values {(X;, Y;)}!_,, we can have the simple linear regression model among parameters.

Y = Bo + Brzi + €.

where ¢; satisfies E[¢;] = 0 and Var(e;) = o2.
The least squares estimates (LS) of the regression coefficients are:

br=g,
Bo =9y — pr7.

where Sy, = 23" | (x; — )(y; — ) is the sample covariance and Sy, = = > | (z; — 2)*.

1.1 Expectations and variance properties

E[Bo] = Bo-

E[Bl} = 61 = E[Sxy] = E[Blswr] = /Blszcw-

Var(f) = ﬁ Z(wi — Z)*Var(y;) =

. 1 72 o S+, Sa?
Var(By) = <n+ﬂ5m>a Sl o = n2SMU .
where S,, + 7% = %fo
. o2 Var(Syy) 028,
Var(8y) = I Yo = Var(Syy) = —-

1.2 For noise € in SLR

Theorem 1. Let é; = y; — ;. The estimator

is an unbiased estimator of o2, i.e., E(62) = o2.

Proof. The fitted values in the regression model are given by:

Ui = Bo + Bz = Yn — Blfn + B

(1)




The residual sum of squares can be expanded as:

n n

Swi—9)?=> [(yi — ) — Pu (i — :En)}2 :

i=1 i=1
Expanding this expression, we have:

n n

D=0 = (i =)+ B (@i —20)* =260 (s — Gn) (23 — Tn) -

i=1 i=1 i=1 i=1

T4 To T3
First, we compute E(Ts) and E(Tj):

5 E(S2,) nE(SZ)
E(T2) = nSz.E(f?) = nS,s - Sgwy = Smy )

. 2
E(T3) = 2nE [51&;;} = 2nE [gwu] = S—HE(Siu)

Therefore:
n

E(T2) — E(T3) = —

[Var(Szy) + E(Szy)2] :

T

Substituting Var(Sg,) = o*Saz and E(Szy) = 51524, we obtain:

n

E(T2) —E(T3) = —0% — nf5{ Sys.
Next, we compute E(T;). The regression model can be expressed as:
Yi = Po+ Bizi + €, Yn=PBo+ f1Tn + En.
Therefore:
_ _ _ \i2
E(y; — ?Jn)2 =E[Bi(z; — %) + (6 — &)
Expanding this expression, we get:

E(y; — @n)Q = 512(3% - fn)2 +E(e; — gn)2 + 281 (x; — n)E(e; — €y).

where:
E(Gi - En)2 =E [63 + 6727, - 267;6”] .

Since Var(e,) = %2 and E(e€,) = %2, it follows that:

-1
E(e; —&,)% = =52,
(61 Gn) n o
Hence: N
E(Tl) = Z]E(yl - gn)Z = nﬂfsacx + (TL - 1)0'2-
i=1
E (Z(Z/z - 371')2> =E(T1) + E(T2) — E(Ts)
i=1
=nfBSpe + (n—1)0? — 0% —nBISs = (n — 2).
Therefore:
1 n
E 52 = E P — Ai 2 — 2.
(6% = — (;@ ) ) o



1.3 Maximum Likelihood Estimation and Least Squares Equivalence in Simple
Linear Regression

Consider the simple linear regression model:
yi = Bo+ 1 Xs+ei, i=1,2,...,n,

where y; is the response variable, X; is the predictor variable, 5y and (; are unknown parameters, and ¢;
are independent error terms following a normal distribution N'(0,02). Under this model, the conditional
distribution of y; given X; is:

Yi | Xi ~ N(Bo + p1X;,0%).

The pdf of y; given X; is:

exp (_ (yi — Bo — ﬁ1Xi)2> .

202

f,@07ﬂ1 (yz I X) \/70’

The log-likelihood function for the parameters Sy and (37 is obtained as follows:

((Bo, Br) =Y _1og fa 8, (i | Xi)-

i=1

Substituting the pdf into the log-likelihood function, we have:

R _ N2
£(Bo, B1) Zlog ( exp (_ (Wi 5(;0251XZ) )) .

Simplifying the expression:

U(Bo, 1) = — 5 log(270?) Z — Bo = B )

1.3.1 Equivalence of MLE and Least Squares

To find the maximum likelihood estimates (MLEs) of 5y and 1, we need to maximize the log-likelihood
function with respect to these parameters. Since the term —% log(27ra ) is a constant with respect to 8y and
B1, maximizing ¢(8y, 1) is equivalent to minimizing the re51dual sum of squares:

max £(5o, < min i — Bo — B1X;)2.
max (G, 1) 603&;(@/ Bo — B1X;)

This minimization problem is precisely the objective of the least squares (LS) method. Therefore, under
the normality assumption of the error terms, the MLEs of 5y and f; coincide with the LS estimates:

AMLE ALS AMLE ALS
0 = o > 1 =rF1 - (7)

1.3.2 Distributional Properties of Bl

The LS estimate of the slope parameter [; is given by:

/3)1 = %Z(% - f)yi»

Under the normality assumption of the error terms, Bl follows a normal distribution with mean 3; and

~ o2
ﬁlNN(ﬁl,nSXX>- (8)

. 2
variance S”
XX




1.3.3 Standardization of /3’1

To conduct hypothesis testing for 81, we standardize By by subtracting its expected value, multiplying by
Sxx, and dividing by o. The standardized variable follows a standard normal distribution:

VnSxx (81— B1)

g

~ N(0,1). 9)

This result is fundamental for constructing confidence intervals and performing significance tests for the
slope parameter ;.

1.4 Regression Model Fit Evaluation

In statistics and econometrics, TSS (Total Sum of Squares), ESS (Explained Sum of Squares), and RSS
(Residual Sum of Squares) are important metrics for measuring the fit of a regression model. Their relation-
ship can be expressed by the formula:

TSS =ESS+ RSS.

1.5 Definitions and Explanations

e TSS : The total sum of squares, representing the total variation between the observed values and their

mearn.
TSS = (v —9)*.

e ESS : The explained sum of squares, representing the part of the variation that is explained by the
regression model.

ESS =Y (5 —9)".

e« RSS : The residual sum of squares, representing the part of the variation that is not explained by the
regression model.

Specifically, TSS can be decomposed into two parts: one part is ESS, indicating the variation in y caused

by changes in the independent variable x; the other part is RSS, indicating the variation in y caused by
other factors besides the linear influence of = on y.

Table 1: Degree of Freedom and Distribution

Sum of Square | Degree of Freedom | Distribution
RSS 1 a2x2%(1)
ESS n—2 o?x?*(n —2)
TSS n—1 o2x%(n—1)

Coefficient of Determination R?

The coefficient of determination is defined as:

BSS __BSS (10)

< R? = =1-
0<R TSS TSS —

where 7SS = Y"1 | (Y; = Y)? is the total sum of squares. R? represents the proportion of variance explained
by the model, ranging between [0, 1].

ST BB)\/nSa(B - 1)
ESS VESS

o2

~t(n —2). (11)




2 Multiple Linear Regression Model
Consider the multiple linear regression model:
Y = Bo + Brxin + Baxio + - - + BpTip + €.

or in matrix form:
Yonx1 :anpﬁpx1+€n><1~ (12)

where X is an n X p design matrix, 3 is a p X 1 vector of regression coefficients, and € is an n x 1 error vector
satisfying E[e] = 0 and Var(e) = o°1.
To find the least squares (LS) estimator 3, we start by defining the objective function:

L(8) = 5IIY - X5
Taking the gradient of L(3) with respect to 8 and setting it to zero yields the normal equations:
V(L(B)) = —XT(Y — XB) = 0.
Assuming that XTX is invertible (i.e., the columns of X are linearly independent), we can solve for 3:
f=(XTX)"'xTy. (13)
This is the LS estimator for f.
2.1 Statistical Properties of the Estimator

2.1.1 Unbiasedness
The LS estimator B is unbiased. This can be shown by taking the expectation of B:
E[8] = E[(XTX)'XTY].
Substituting Y = X3 + €, we get:
E[f] = (XTX)'XTE[XS + ¢ = (XTX)'XTX3 = 6.
Thus, B is an unbiased estimator of 3.
2.1.2 Variance

The variance of B is derived as follows:
Var(f3) = Var[(XTX)'XTY].
Substituting Y = X5 + €, we have:
Var(f) = (XTX) ' XTVar(Y)X(XTX) "1
Since Var(Y) = Var(X3 + €) = o2, this simplifies to:
Var(3) = (XTX) "' XT(?DX(XTX) ! = o2(XTX) L.
The least squares (LS) estimator B has the following properties:

E[B] = 8. (14)
Var(f) = o?(XTX) "1 (15)
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Figure 1: Projection Illustration

2.2 Projection and Error Vectors
2.2.1 Projection Matrix
The predicted values Y and residuals e are:
Y = X3 =X(XTX)"'XTY =PY (P is called projection matrix)

e=Y—-Y where e-Y =0. (16)

2.2.2 Eigenvalues of Projection Matrix

Theorem 2. A projection matriz P satisfies:

PT =P (Symmetric)) P?*=P (Idempotent).
The eigenvalues of P are either 0 or 1.
Proof. Let Px = Ax. Using the idempotent property:

P’x=Px = Mx=Xx = MA—-1)=0 = A=0orA=1.

O
2.2.3 TUnbiased Estimation of o2
Theorem 3. The residual sum of squares e e divided by n — p is an unbiased estimator of o2:
T
E[ee]za2. (17)
n—p

Proof. Let e =Y —Y = (I— P)Y, where P = X(XTX)"'XT is the projection matrix. The residual sum
of squares is:
ele=Y'1-P)'0I-P)Y=Y'I-P)Y.

Substituting Y = X/ + € into the expression:
efe=e'(I-P)e.

Taking the expectation:
Ele’e] = o?tr(I — P) = o%(n — p).

Thus:
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