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1 Block Coordinate Descent

1.1 Motivation

Let us recall the SGD and FedAvg. They all consider a big data setting. For example, the ERM problem
(finite-summation optimization):

Using GD,

The summation is huge due to the big data setting. The basic idea is the “sample decomposition”. SGD and
FedAvg are the two typical examples.

Another type problem is sightly different, which involves many decision variables called “high-dimensional

problems”.

Example 1 For the least squares problem,
1
x* € argmin - || Ax — b||?,
x 2

where x* = (ATA)"'A"b. Computing (AT A)~, we need O(n?®) which is determined by the number of
decision. variables. If n >> m, then AT A is not invertible, the we have to use GD,

x!Tl = (I —5;,ATA)x! + 5,A7D.

However, computing AT A needs O(n*m) computations and O(n?) storage which is prohibited for large n.
Example 2 Let us consider LASSO problem again.

! 1 -
min 2| Ax = b + Alxl = 5[l 4x = b2 + 3 |z,
j=1

In this model, maybe n is so large.
General Formulation:

K

min f(x) = f(x1, X2, XK) + Y (%), (1)

k=1
where x;, € R™ and ), np = n which means the decision variables are decomposed into K groups. If
K = n, then x; € R. In this part, we assume that f € C* and r., k € [K] are convex.



1.1.1 BCD

Suppose that we have an iterative algorithm to obtain x¢, then define that

Fili) = O e X x) = FE ke xE ). (2)

Solve a sub-optimization problem of Eq.(1).
(i) x,™" = argming, {f{(xx) + 74 (x0)}-
(ii) ;" = argming, {f{(xx) + 3lxx = x> + ra(xp)}-

(iif) x5 = argming, {3 [1xx — x4 |17 + (VfL(xk), x5 — X}) + 72 (xx)}-
Using item 1 ||x) — x%||? is to control the x!*! is not far away from x}, in a certain sense.

Example 3 Let us consider the problem
min f(z,y) = 2 — 2zy + 10y* — 42 — 20y.

If we fixy, then V, f(x,y) =20 —2y—4 =0, that is =y+2. If we fix x, then V, f(z,y) = 20y —22—20 =0,
that is y = x/10 + 1.

‘,L.t-ﬁ-]. — yt + 2’
Yt =2 /10 + 1.

Algorithm 1 Block Coordinate Descent

1: Input: Given a initial starting point x° = (x{,...,x%) € R", and t = 0
2: fort=0,1,...,7 do

3: fork=1,...,K do

4: Do (i) or (ii) or (iii) for Eq.(1).

5:  end for

6: end for

7: Output: x7.

Remark 1 o This algorithm is called “Block Coordinate Descent”. If K = n, it also called “Coordinate
Descent”.

o This algorithm does not always convert to the optimal solution (see Page 393 of textbook).

o The related convergence theory can be found in two review papers [?, ?].

Example 4 (Group LASSO)

Suppose that x = (z1,...,7,)" € R" = (z1,...,2x)" and z;, € R”’:Zle ng =n,A=1[A1,As,..., Ak| €
R™*™  Then Group LASSO is

K
1 2
min L Ax—BIE 42
k=1
where ||zg||2 = /Y%, 22, This is equivalent to
1 K K
min 5\\b—’;AkaH2+>\;HZkH2~ 3)



BCD algorithm: Given zb, ... 2k, then let bt =b — S Ayzl. Then Eq.(3) is equivalent to
min L [[b* — Az, | + Az |
lin o 121 12

Ifz1 #0, then —A] (bt — Ayz;) + A2 =0, so,

A
Z1 = (AIAI + m) 1A1rbt.
The iterative step is
A
Z§+1 < (AIA]_ + m) 1A1rbt.
1

Ifz1 =0, then 0 € O(3||b" — Ayz1||® + A|z1|2) = —A{ b’ + Xs, where s € 9]|0]|2 = {s||s[]2 < 1}.
Thus, ||A{bt|| < . Final update is

() ALY
! (A] Ay + ”Z);ﬁ)*lAlTbt, otherwise.
1
Example 5 (K-means)
Suppose we have a data matriv Ay, = (a],...,a})T. We introduce a corresponding binary indicator

variable riy, € {0,1},4 € [m], k € [K] to describe which of the k clusters the data point a; is assigned. If a; is
assigned to cluster k, then r;, = 1, otherwise iy = 0,k" # k. Let py be the mean vector of cluster k, then
the objective function of K-means is

m K
min erikllai - MkHQ = K(R7 /’L)a (4)

ksTik
oTik 52 =

RKxn

where R € R™*K includes all the indicator variables and p € includes all py,.

K-means Algorithm:

o Fizrig, Vi l(Rp) =—=2%" ri(a; — px) = 0, that is

S ik
i—=1 ikl
e = ==
Z¢:1 Tik
o Fix uy then,
1 if k* =arg min |a; — 2
R ’ f ngkSK”Z Mk”a
ik .
0, otherwise.

We further denote = (p] ,fig ,-. ., pije) € REX" and R = (r{,...,r})7T € R™E_ then the objective
function of K-means can be reformulated as:

min [|A — Ry /%
y
The K-means algorithm first fizes R to solve u, then fixes p to solve R respectively.

Furthermore, K-means can be considered as a “matrix decomposition” problem. Actually, we can find many
different matrix decomposition problems can be solved by the BCD algorithm.



Example 6 Suppose we know M, then the following problem called “non-negative matriz decomposition” [1]:

1
in || XY — M|>%
min o I3 (5)

s.t. X >=0,Y =0.

(6)
Let f(X,Y) = 1| XY — M||%, then
of _ T 0 _ o1
ax = XY = MYT, 2% = XT(XY = M).
Then the BCD algorithm is
X = max{X* - sX (XY — M)(YH T, 0}, (7)
Y = max{Y’ — 57 (X)) T (XYt — M), 0} (8)
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