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1 SVRG

1.1 Covariate of Stochastic Gradient

We still consider the finite-sum optimization problem. Let {(a;, b;)}7; be a dataset, F = {hx|hx : A —
B,x € R"} be a class of predictor function and ¢ be a loss function. Then the corresponding finite-sum
optimization problem is

m

m)gnf(x) = %Zfz(x)a (1)

where f;(x) := £(b;, hx(a;)).

Though the stochastic gradient is an unbiased estimator of the gradient, it may have high variance. Indeed,
to analysis SGD we had to start by imposing the assumption about its variance

Ei IV fi, (<)I1P) < 0 + [V ()%

Even with the above assumption, we required decreasing step sizes to gradually kill off the variance. Yet
another glaring issue with SGD is that even if we start the SGD algorithm on the optimal point x° = x*,
then method will not stop. This is because the stochastic gradients are not necessarily zero on the solution,
that is V f;, (x*) # 0 is entirely possible (see the example in SGD section).

The aim of SVRG is to construct a new “gradient” g? such that
o+ Unbiased: E[g'] = Vf(x")

e Reducing Variance:
E[|g!||2] — 0, as x' — x*.

How to reduce the variance of stochastic gradient? The basic idea is to consider an important method in
MCMC. That is to construct a covariate variable of V f;, (x').

Let x be a random variable. We asy that a random variable z is a covariate of x if cov(x,z) > 0. Then,
utilizing z can build an unbiased estimator of x that has a small variance. Let

X, =x—z+E[z]. (2)
And note that E[x,] = E[x], and
Var[x,]| = Var[x] + Var[z] — 2Cov(x, z). (3)

Consequently, if Cov(x,z) is sufficiently large, then Var[x,] is small.



1.2 SVRG Algorithm

We can build an estimate of the gradient with reduced variance by finding covariates for the stochastic
gradient.

Let x* € R™ be our current iterate and X* be a reference point. If xt is sufficiently close to X* it is reasonable
to expect that Vf;, (x*) is the covariate of Vf;, (X¥). Then, i; is uniformly sampled from [m] and

g' = Vfi,(x') = Vfi,(x") + Vf(z"). (4)

Let us first refer to the SVRG [1] Algorithm 1.

Algorithm 1 SVRG

Parameters update frequency T and learning rate s
Initialize x°
for k=1,2,... do
XO — ik_l
for t=1,2,...,T do
Randomly pick i; € {1,...,n} and update weight

gl = Vi, (x'T) = VA, ETH) + VEY, (5)

Xt _ Xt—l _ Sgt_l. (6)

end for
Last Option: x* = x7;
Average Option: x* =1/T')", x;

Random Option : x* = x* for randomly chosen ¢t € {1,...,T}.
end for

1.3 Convergence Analysis

We suppose that f is 8 smooth and a-strongly convex, and f; is convex and 3; smooth. Before the convergence
analysis, we present the following lemmas.

Lemma 1 Let fis a B smooth function then

1 1
flx— BVf(X)) —f(x) < —%|\Vf(><)ll2~ (7)

Lemma 2 If each f;, is i, smooth and convez, then

E[|V fi, (%) = Vfi, ()P] < 2Bmax (f(x) = f(x)). (8)

Proof 1 Let h;,(x) = fi,(x) — fi,(x*) = (V f;,(x*),x —x*) > 0 due to the convexity. By Lemma 2, we have

that ) )
- hit x) < hit X — 7Vh“ X)) — hit X S -
(x) ( 5 (x)) (%) TN

1
2 ﬂIIlaX

IVhi, (x)]* < IVhi, (). (9)

By substituting h;,, then
IV fi (%) = V fi, (X)) < 2Bumax(fi, (%) = fi, (x*) = (V i, (x7), x = x7)). (10)

Then taking expectation with respect to iz and using that E[V f;, (x*)] = Vf(x*) = 0, we can finish the prove.



Now we bound the variance of stochastic gradient.

Lemma 3 The second moment of SVRG gradient is bounded as

E;, [lg'l”] < 4Bumax(f(x") = f(x) + 4Bmax(f(X*) — f(x7)). (11)
Proof 2
Eit ||gt||2 _Elt[”Vflt (Xt vflt( ) + Vflt (X*) - Vfit (ik) + Vf(ik)Hg] (12)
<2E;, ||V fi, (x") - szt( N+ 2E;, |V fi, (x7) = Vi, () + VFE)® (13)
<2y, ||V fi, (x') = Vi, ()P + 2E4, ||V £, (x7) = V fi, (27)]? (14)
<ABmax (f(x") = F(x)) + 4Bimax (f(XF) = F(x1)) (15)
Eq.(13) is based on (a+b) < 2a?+2b%, and Eq.(14) is due to the following derivatives. Letx = V f;,(x*),z =
Vf“( k), E[z] = Vf(x*), and E[x] = 0. Thus,
Ellx -z + Elz]|*] = Elllx — 2|*] + [|E[2]||* — 2E[(x — 2, E[z])] (16)
= E[|lx — z[*] - ||E[]|* (17)
< Efllx —z/]. (18)

Based on these lemmas, we can prove the convergence of SVRG.

Theorem 1 The sequence {X} in Algorithm 1 has the following property

1 2s/3

BI() ~ £00)) < | =gy + 1o a9 | EVE ) — £, (19)

where B = Pmax-

Proof 3 By conditioning on x'~1, we have Egt=! = V f(x!~1) and this leads to

Efx —x*|* =[x —x"|* - 2s(x""" — x*) "Eg'™" + s’E|lg""||? (20)
ST =X = 2s(x T = x) TV 4887 [f(xT) = f(xT) + f(Re) - F(x)] 0 (21)

( ) = (22)

( (23)

<[ = xFP = 25(F(x) = f(x) 4B F(xTY) = F(xT) + f(Re) = F(x7)] 22
=[xt = xP = 25(1 = 25B)[f (x" 71 = f(x")] + 4857 [f(Xx) — F(x)]- 23
Take total expectation, summing up overt=1,...,T, then
T—1
Ellx” —x"[[2 < Elx? — x*[2 - 25(1 — 25D)B[S_ (f(x!) — F(x))] +488°Tf (Re) — Fx). (24)
t=0

*||? and rearranging the formulation,

Using that x° = X*, strong convezity says f(x") — f(x*) > $[|x" — x
we have

25(1 = 2sB)E[Y_ (f(x") = f(x")] S Ellx® —x"|* — Ellx" — x| + 46s’T[f (%) — f(x")]  (25)

t

S
-

Il
<

< (4TBs* + 2/ f(Xr) — f(x7)]. (26)



Thus,

T-1
B[R] - £ =Elf (7 > )] - f°
t=0
1 = t *
< TE[t:O fE) =7
ATBs? +2a~ ' _ X
< WEU(XQ — f(x")]

- [as(l —1235)T 1 3553/3} E[f(%") — f(x")].

Mower, we can substitute s = 1/108 and T = 208/ «, then

[ 1 2503

as(1—2s8)T  1-— 256] =7/8<09

Finally, we can obtain
E[f(X")] = /" < (0.9)"E[f(x°) — f(x")).
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