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1 KKT Optimality Condition

1.1 Benefit of Strong Duality

Example 1.1. (Dual norm of dual norm is the primal norm.) Define dual norm of x € R" w.rt. | - | is

HXH* = SUpP| <1 z ' x. Prove that

[l = [
Proof. Consider a trivial problem (given x),
min ,
in 1y
sty=x

where the optimal value p* = ||x||. Let
L(wv) =yl +v"(x—y) =yl -y v +xv.
Thus, Lagrange dual function is

x'v, v« <1,
g(v) = infL(y,v) =
y —o0, otherwise.

Then the dual problem is

max x v,

v

st vl < 1.
According to the definition of dual norm and strong duality, then ||x||.« = ||x]|. [ |
Example 1.2. (Dual Gradient Ascent) Consider

min f(x),

s.t.c(x) = 0.



Lagrangian: L(x,v) = f(x) + v c¢(x). Thus,
¢(v) =infL(x,v) = L(x"(v),v).
X
The dual problem is
max g(v).

Because we have

JdL ox* OL
Vg(l/) - Ix* o + 87 - C(X)’

where aa)f; = 0. Based on that, the dual gradient assent algorithm is

Step 1: x' = arg n}(inL(x, v, 1)

Step 2: /1 = u! £ 50(xh)). 2

1.2 Karush-Kuhn-Tucker Conditions

Theorem 1.3. Suppose that primal problem is convex, (x*, X*,v*) are any points that satisfies the KKT conditions,

then x* and (X*,v*) are primal and dual optimal with zero dual gap.

Proof. KKT conditions tell us that x* is primally feasible, namely f;(x*) < 0 and h;(x*) = 0. Since A* = 0,
then L(x, A", v*) is convex in x. Thus, the condition V fo(x*) + ¥; AV fi(x*) + ¥; V;th(x*) = 0 indicates

x* minimizes L(x, A*, v*) over x. Therefor,
(A", V") = L(x*, A%, v") = fo(x*) + ZA;‘f, )+ Zv*h Sfo(x¥).
i
This means the zero dual gap. Obviously, (x*, A*,v*) are primal and dual optimal points. [ |

Example 1.4. (Support Vector Machine)

Given a data set {(x;, y;)|x; € R%,y; € {—1,1},i = 1,...,n}, how to construct a linear classifier if the data

set is separable?

The basic idea is that we can use Separation Hyperplane Theorem to construct the classifier.

Recall that

Theorem 1.5. Suppose that there are two convex sets C and D satisfies C N\ D = @. Then there exists a # 0 and b

such that

a'x—b<0foranyx € C,anda"x —b >0 forany x € D. ©)]



Proof. Let p, q be the two pints which achieve

(in lx =yl =lp =4l

Then the hyperplan separates C and D is

that is
1
(p—ax) —5(p—qp+q) =0

Thus,a=p—qgandb=1%(p—q,p+q). "

Let us go back to the SVM example. According to the hyperplane separation theorem, we can construct the

linear classifier by the following three steps:

e Step 1: Construct a positive and negtive convex hull

Cr={x[x=) ax;, ) a;=10<n <1},
yi=1 yi=1

Co={xlx= ) wx;, Y} #=10<a<1}
yi=—1 yi=—1

® Step 2: Find p and g for C4 and C_.

e Step3:seta=p—qgandb =1 (p—q,p+q), we have the linear classifier y = a" x + b.

Q: How to find p and 4? To this end, we need to find the optimal solution of the following optimization

problem:

1
min §|| Yoaxi— Y Bixill?
wp yi=1 yi=—1

s.t. Z a, =1,0<w; <1,
yi=1
Y Bi=10<pB <L
yi=—1

However, finding the optimal solution of the above optimization problem is relatively hard. Then in the
machine learning community, another method called “maximal margin” approach that has been widely
used to find the “optimal” linear classifier. The fundamental idea is to find two parallel hyperplanes (see

Figure 1) which can separate the positive and negative point set with the maximal distance (margin).



Support vectors

Xz
Decision boundary |-~
whx =0
negative _ positive
hyperplane hyperplane
wix = -| wix = |

Xy

Figure 1: Support Vector Machine

With loss of generality, assume that the two parallel hyperplanes are (w,x) +b =1 and (w,x) +b = —1.

Then the maximal margin means

2
maxd = — 4)
wb [[wll”
st.yi((w,x;)) +b) >1,i=1,...,n )
It is equivalent to
min ~[|w|? ©)
w,b 2 !
st.yi((w,x;)) +b) >1,i=1,...,n )
Lagrangian:
Lowba) = I s ) by — 1
(w,b,0) = =7 = ) ailyi({w, ;) +b) —1].
1
KKT conditions:
VwL(w,b,a) =w— Z“i]/ixi =0, 8)
VyL(w,b,a) er,yl =0, )
a; =0, (10)
vi((w,x;) +b) >1, (11)
o [yl(<w, xi> + b) — 1] =0. (12)

So, it has w* = }_; &/ y;x;, then the linear classifier is y = (w*,x) 4+ b* = }_; a7y; (x;,x) + b*. The point x; is
called the support point due to «; # 0. a; # 0 also indicates that point 7 lies on the support hyperplane. Take



w* = Y afy;x; into the Lagrangian, we have the Lagrange dual problem:
i%Y grang grang p

1
max — 5 Y wiayiv; (xixj) + Lo
i, !

s.t.a; =0,
leiyi =0.
i

The primal and dual problems are convex, and the dual problem is quadratic.
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