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1 Conjugate Function II

1.1 Property of Conjugate Function
* 8(x) = af(x) +b, theng*(y) = af*(y/a) = b.
* g(x) = f(Ax+b), theng*(y) = f*(A"Ty) —b'A" Ty.

* f(w,0) = fi(u) + f2(0). Then, f*(w, x) = fi (w) + f3(x).

Fenchel’s Inequality:

fx)+f(y) = (xy)- 1

Define that f**(x) = supy{xTy — f*(y)}. Obviously, we can justify that f**(x) < f(x) due to the
Fenchel’s inequality (1). In addition, if f is convex and closed, then f** = f. The poof can be found at

Page 61. A closed function means epi(f) is a closed set.

1.2 Using conjugate to derive Lagrange dual function
Recall:

Example 1.1. More general cases:

min fp(x),
X
s.t. Ax = b,

Cx =d.



The Lagrange dual function is
g\ v) = ir)}f L(x,, A v)
= il;(lf{fo(x) ~AT(Ax—=Db) +v'(Cx—d)}
=Ab-v'd+ irxlf{(CTu — AN x4+ fo(x)}
=A'b—v'd—sup{(ATA-C"v) ' x— fo(x)}
x

=ATb-v'd-fj(ATA-CTv).

So, it has the Lagrange dual problem as:

max ATb—v'd—fj(ATA-CTv),
UV

s.t. A= 0.

Two special cases:

min ||x||,
X

s.t. Ax =Db.

We know that

- § - b7y, |[ATv|. <1,
gw)=-bv—fi(-Av)=

oo, otherwise.

Thus, the Lagrange dual problem is

max —b v,
174
s.t. ||ATV||* <1

Example 1.2.

min £(x) + g(x).
This problem has the equivalent formulation as:

min f(x) +g(2),

st.x—z=0.

gv) =inf {f(x) +g(2) + v (x - 2)}
= inf {f(x) + uTx} +inf {g(z) - uTz} ,

=—f(=v) =g (v)



Example 1.3. We consider the LASSO problem:
min - | Ax — bl + Al |

x 2 L

Let = Ax — b, then
N
min L[|+ Al
st.Ax—b =.
The Lagrangian is
1 1
Lx,v) = S+ Allxl + 07 (Ax—b) = IR = 27) + (A + v 4x) — 7.
Because that min( 3 |[|> — ") = —3||v|% and
ATvlloo
Il + v ax/a > (1= Ay

Thus, g(v) = infy, L(x,,v) = —3||v||> — v b, when [|ATv|| < A. Finally, the Lagrange dual problem is

1
max — EHI/HZ —v'b,

st ATVl < A
Example 1.4. Consider the Lagrange dual problem of
min {({c,x) + h(b — Ax) +k(x)} = min { (¢,x) +sup{(b — Ax,y) —h*(y)} + k(x)}
y

= minsup {<c - ATy,x> +k(x) + (b,y) — h*(y)}

y
> sup {min((c — ATy, x) +k(x) + (b,y) =1 (y)}
= sup {~sup((ATy ~ e.x) ~ k() + (by) - (3)}

= sup{—k*(A"y —c) — h*(y) + (b,y)} (Lagrange dual problem).
y
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