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1 Conjugate Function II

1.1 Property of Conjugate Function

• g(x) = a f (x) + b, then g∗(y) = a f ∗(y/a)− b.

• g(x) = f (Ax + b), then g∗(y) = f ∗(A−>y)− b>A−>y.

• f (u, v) = f1(u) + f2(v). Then, f ∗(w, x) = f ∗1 (w) + f ∗2 (x).

• Fenchel’s Inequality:

f (x) + f ∗(y) > 〈x, y〉 . (1)

• Define that f ∗∗(x) = supy{x>y− f ∗(y)}. Obviously, we can justify that f ∗∗(x) 6 f (x) due to the

Fenchel’s inequality (1). In addition, if f is convex and closed, then f ∗∗ = f . The poof can be found at

Page 61. A closed function means epi( f ) is a closed set.

1.2 Using conjugate to derive Lagrange dual function

Recall:

Example 1.1. More general cases:

min
x

f0(x),

s.t. Ax � b,

Cx = d.
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The Lagrange dual function is

g(λ,ν) = inf
x

L(x, ,λ,ν)

= inf
x
{ f0(x)− λ>(Ax− b) + ν>(Cx− d)}

= λ>b− ν>d + inf
x
{(C>ν − A>λ)>x + f0(x)}

= λ>b− ν>d− sup
x
{(A>λ− C>ν)>x− f0(x)}

= λ>b− ν>d− f ∗0 (A>λ− C>ν).

So, it has the Lagrange dual problem as:

max
λ,ν

λ>b− ν>d− f ∗0 (A>λ− C>ν),

s.t. λ � 0.

Two special cases:

min
x
‖x‖,

s.t. Ax = b.

We know that

g(ν) = −b>ν − f ∗0 (−A>ν) =

 −b>ν, ‖A>ν‖∗ 6 1,

∞, otherwise.

Thus, the Lagrange dual problem is

max
ν
− b>ν,

s.t. ‖A>ν‖∗ 6 1.

Example 1.2.

min
x

f (x) + g(x).

This problem has the equivalent formulation as:

min
x,z

f (x) + g(z),

s.t. x− z = 0.

g(ν) = inf
x,z

{
f (x) + g(z) + ν>(x− z)

}
= inf

x

{
f (x) + ν>x

}
+ inf

x

{
g(z)− ν>z

}
,

= − f ∗(−ν)− g∗(ν).
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Example 1.3. We consider the LASSO problem:

min
x

1
2
‖Ax− b‖2 + λ‖x‖1.

Let = Ax− b, then

min
x,

1
2
‖‖2 + λ‖x‖1,

s.t. Ax− b = .

The Lagrangian is

L(x, ,ν) =
1
2
‖‖2 + λ‖x‖1 + ν>(Ax− b−) = (

1
2
‖‖2 − ν>) + (λ‖x‖1 + ν>Ax)− ν>b.

Because that min(
1
2‖‖2 − ν>) = − 1

2‖ν‖2, and

‖x‖1 + ν>Ax/λ > (1− ‖A>ν‖∞

λ
)‖x‖1.

Thus, g(ν) = infx, L(x, ,ν) = − 1
2‖ν‖2 − ν>b, when ‖A>ν‖∞ 6 λ. Finally, the Lagrange dual problem is

max
ν
− 1

2
‖ν‖2 − ν>b,

s.t. ‖A>ν‖∞ 6 λ.

Example 1.4. Consider the Lagrange dual problem of

min
x
{〈c, x〉+ h(b− Ax) + k(x)} = min

x

{
〈c, x〉+ sup

y
{〈b− Ax, y〉 − h∗(y)}+ k(x)

}
= min

x
sup

y

{〈
c− A>y, x

〉
+ k(x) + 〈b, y〉 − h∗(y)

}
> sup

y

{
min

x
(
〈

c− A>y, x
〉
+ k(x)) + 〈b, y〉 − h∗(y)

}
= sup

y

{
− sup

x
(
〈

A>y− c, x
〉
− k(x)) + 〈b, y〉 − h∗(y)

}
= sup

y
{−k∗(A>y− c)− h∗(y) + 〈b, y〉} (Lagrange dual problem).
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